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We study the asymptotic behaviour of the solution of Stokes equations in a
3-dimensional domain with highly oscillating boundary.

Let S = (0,h) x (0,h), S = (a1, b1) x (a2, b), with 0 < a; < by < I; (i = 1,2)

sothat S C S.
Let 7. be the £S-periodic function defined on €S by

e () :{ b ifxX €e(5\S),

4 if x' € &S,
with 5 < I, x' = (x1, x2), and ¢ is a small positive parameter. Let
Qe = {x =(x,x)eR®: X' €8S, b(xX) < x3 < ng(x')}
where b is a smooth function on R?, S-periodic and such that b(x") < k for
every x' € R?. We assume that 1/¢ € N.
The domain €. is bounded at the bottom by the smooth wall
P= {x =(x,x)eR?: X €S, x3= b(x/)}

and at the top by the rough wall

R. =80\ (PU{(x,x:) ER3 : x' €08, b(x') < xs < h}).
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T

FIGURE — Domain Q¢




Figure 1: Vertical section of the domain €.



The velocity u: = (Ue1, Ue2, Ue3) and the pressure p. of the fluid satisfy
—vAu: +Vp:.=Ff in Q.
V-u-=0 inQ,,
u=0 onPUR;.,
(ue, p=) S-periodic (with respect to x’),

where the source term f belongs to (L?(R2))°, with
Q={(x,x) eR®: X' €8S, b(xX) < x < h},

representing the "limit domain”, as € tends to zero.

Our aim is to study the asymptotic behavior, as ¢ goes to 0, of the solution
(ue, pe) of (1) satisfying jﬂ, pe dx = 0, where

Q ={(x,x) ER’ : X' €85, b(x') <x3<h}.
e Using boundary layer correctors, we construct an asymptotic approximation
of the solution (ue, p:) of (1) in Q..
e \We derive an effective boundary condition of Navier's type, called wall law,
for the Stokes system (1)
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A convergence result

We assume that the function b is Lipschitz-continuous. Denote
O ={(xX',x) € :h<xs<h}, X=5x{k}
For each m > 0, we introduce the space
H.(Q:) = {v € H*(A) for any bounded open set A C O,
v(x+ (h,0,0)) = v(x + (0, ,0)) = v(x) for a.e. x € O}

where O. = {x = (X', x3) € R*: x' € R, b(x) < x3 < n-(x')}.
Let (u., p-) denotes the unique pair in (H:..(92:))® x L*(Q.) satisfying

—vAu: +Vp: =Ff inQ.,
V-u=0 in e,
ue=0 on PUR.,

/ ps dx =0,

where f € (L*(Q))*.



Let (u™,p7) € (Hper (7)) x L*(27) the unique solution of
—vAuT +Vp  =f" inQ7,
V-um =0 inQ7,
u" =0 onXUP,

/ p dx =0,

where f~ = fo—, then set
{ 0 inQF,
u= A
u~ in Q7.
Using classical variational techniques and Bogovski's theorem one can show the
following convergence result.
Proposition. Let . denote the zero-extension to Q of u.. Then, as ¢ — 0.
U. — u strongly in (H'(Q))?,
Pejo— —> P~ strongly in L2(Q).



Decay estimates

To construct an asymptotic approximation of the solution (ue, p-) we introduce
the solution of a Stokes problem in an infinite vertical domain of R3.
Let At =S x (0,+00), A" =S x (—0o0,0) and T = S x {0}

Ys

Figure 1: Vertical section of the domain A



For i = 1,2, we consider the pairs (W, 1" and (W"~,N"") satisfying

Wit e (HY(AY)), N e L (A7), _
VT € (Hioe, per(A7))°, VW™ € (L2(A7))°, MM € Lige (A7),

—VvAVYE L VNPT =0 in AT

Vvt =0 in AT,

Wit =0 on OAT\T,

V" =0 on (S x {0\,

Vit =y onT,

(W N n=a(W—, M In+ve onT,
N~ dx =0,

A—

where
Hﬁ,cv per(N7) = {v € Hl(/\/) for any bounded open set A’ C R? x (—00,0):
v(x + (h,0,0)) = v(x + (0, k,0)) = v(x) for a.e. x € R? x (—00,0)},



e' =(1,0,0), e =(0,1,0), o(V,N) = —T1 + 2v e(¥), | denoting the 3 x 3
identity matrix and e(V) = (VW + (VW)T), and n is the unit normal vector
on I external to A_, i.e. n=(0,0,1).

We denote by ' the mean of W'~ over a cross section of A~ :
i 1 P
50 =5 [V 5 e 0r)
s

where y' = (y1, y2).
Proposition. For each i = 1,2, there is a unique solution (W', ') of the above
Stokes system. Moreover,
(i) the vector §' is independent of &, and 35 = 0;
(ii) for any o € N* and § € (0, +00), there exist two positive constants ¢ and
Ca,s5 such that

Wit (y',y3)‘+ '(?D‘I'I"’Jr (y/,yg)' < Case P, V(Y ys) € Sx (9, +0),

0N (1 0)| < Cas €™, (Y, 33) € Sx(—00, ~0).

(W = By |+




Asymptotic expansion.

In what follows we assume that
b € Hser(s)v f|Q* S (ngr(Q_))37 f\Q* =0.
Let (w™,q7) € (Hper(27))® x L>(R7) be the unique solution of
—vAw™ +Vqg =0 inQ7,
V-w~=0 inQ7,
w- =B onkX,
w- =0 onP,

where

:Z B)B, X' €S,

with 3’ denotes the mean of W~ over a cross section of A~.

0 inQT, 0 inQF,
w = q=
w™ in Q7 g inQ7,

Let us now set



£ =

where, for i = 1,2, (W' 1) is the unique solution of the Stokes system in the
domain A.

Our first main result is :

Theorem 1. There exists a positive constant C, independent of ¢, such that
for any v > 0 and ¢ small enough,

3
lue = u—ew — e&el| g,y < Ce277,

|p- =P~ —ca™ = (6 — G Jo 0= o)

< Ce3 .
2(Q-)




Wall law.
Denote
{ U =u" +ew™ +e£, inQ™,
Pe=p +eq +0- inQ.
Clearly, (Us,P:) € (H2er(27))? x L2..(Q27) and taking the trace of U. on
{X3 = /3} we have

!

U(x'B)=¢ x/3 v (y0), X €8S,y =%,
g

112

The fact that u; = wy =0 on {x3 = k} provides that

o(u=,p7)n(x', k) = ( %ul (X', k), v aX3 (x ), p_(x',lg)), x' €S,

ow™,q )n(x',h) = ( k), v (x k), —q (x’,/3)>, x' € 8S.




An easy computation gives

o(ets 0 (< B) = S 2 (¢ Yo (W, 1 )n (Y, 0)
5 0%
a9 (Ou; i1 o (ou , , i
+ev (Za (Gewm)vies 04 (%t v~ 70)70>

forx' €S,y = X?,

We now define the mean with respect to y’ € S of a function U = U(x', y') by
) = g U e« es.
s

Separating the slow and fast variables, taking the mean with respect to y' € S
of U, and denoting U. = () we obtain
Uo(x' By =€ QUL () (W) (0) = eB(x'), X' € S.
8X3

i=1,2




Similarly, separating the slow and fast variables, and taking the mean with

respect to y' €S, according to the S-periodicity of W™ and the fact that

B4 = 0 we have (o(W"~,M"7)n(0)) = (0,0, —(N"~)(0)) and then
(o(e€c,62)n) (X' ) = (0,0, —(6-)(x', ), X' €S.

Then, denoting P. = (P.), we deduce that

o(U., Pn(xX', ) = <VZL(X l5), y%%(x',l3),fp7(xl,l3) - <9;>(x’,/3))

ow, , ow, —rot /
+e (V 8X3 (X al3)7l/TX3(X 5/3)77(7 (X al3)> , X € S.

Let M denote the 3 x 3-matrix with column vectors 8!, 32, 0. Multiplying the
previous equality by M yields

Mo (Us, P)n(x', ) = vB(x") + VEM%M;_ (x',h), x' €8,
3

then we deduce that

vU:(x', ) — eMo(U., P-)n(x', l3) = ve Maa (x', k), X' €8.



Let M denote the 2 x 2-matrix with entries mij = ﬂj’ 1<i,j<?2and B given
by (12). Clearly, for any v = (v, v3) € R®, with Vv = (vi, v»), we have
Mv = (Mv,0), then one can rewrite the condition on ¥ ({x3 = k}) in the form

8U5 o VEQ,\"/"(aW

~5 B M _
vu € 8X3 8X3

onX, Us:=0 onk.

Neglecting the °-term in the previous relation we derive the wall law

0. —em?% —0 on¥, Us=0 ont.
8X3
Note also that the previous boundary condition is equivalent to the following
one Ny
vU. —eM=—= =0 on X
0x3

Lemma. The matrix M is symmetric and negative definite.



Consider the system

—vAU: +VP.=f inQ~,
V-U=0 inQ,
Ug—eM%—LXEZO on X,
U:=0 onP,

/ P. dx =0.

According to the property of the matrix M one can show the following result.
Lemma. Problem (2) has a unique solution (U:, P.) € H3..(27))® x L>(Q7).

(2)

Our second main result is :

Theorem 2. Let (u., p-) be the solution of the original Stokes system and let
(U, P-) be the solution of (2). Then, there exists a positive constant C,
independent of ¢, such that, for any v > 0 and & small enough,

3
HUE — UE — E&EH(Hl(Q*)ﬁ S Cé;'ji’y7

< Cex .

pe — P — (95 - ﬁ Jo- 0= dx) HLZ(Q*)



Sketch of the proof of Theorem 2.
Let (e, pte) be defined by

pe=u"+ew —U. inQ,
me=p +eq —P: inQ".
We easily verify that (¢e,me) € (Hper(27))® x L>(27) and satisfies
—vAp: + V=0 inQ7,
V.epe=0 inQ7,
Pe — eM%e — _2ppow— o5y

Ox3 Ox3 ’

pe3=0 on X
we =0 on P,

/ e dx = 0.

The variational formulation of this problem reads : Find ¢. € W(Q27) such that

21// e(cps):e(cp)dx—l—z/ (N@;)Iﬁds:ys/%‘{ﬁds, Vo e W(QT).
— g Js 5 8X3

Here
W(Q) = {cpe (Hi(Q7))*:V-9=0 inQ ", =0 on P, p3=0 on z}.



Taking ¢ = ¢ in the previous variational formulation, using the fact that the
matrix N is positive definite, we show that there exists a positive constant C
such that

C N v N~ N
*/ |ipe|* ds < —/ (N@2) - @e ds < Cellpell2(s)y
€ Js € Js

therefore
~ 2
181 (2(x)s < Ce™.
Then, using the Korn, we deduce that

lleellimr@—ys < ce¥2.

Since [, m- dx =0, there exists p. € (Hg(Q7))’ such that V- p. = 7. in Q~
and |\p5\|(Hé(Q_))3 < C||7e|l2(@-)- Then, considering the equation satisfied by
(<, me) we deduce that

[7mell 2@y < ce¥?.



Now, writing 70 = u. — u™ —ew™ — €€, and
ul=p. —p  —eq” — (67 fd)wheredf fQ_O dx, we have

Us — Usfsfai :Tg+30€v
pE_PE_(es__dE):ug+7T5,
and estimates in Theorem 2 follow from that in Theorem 1. [J

Sketch of the proof of Theorem 1.
We introduce the system

—vAwl + Vgl =0 in QF,
—vAw; +Vg: =0 inQ™,
V-wl=-V-& inQf,
V-w, =-V-& inQ,

= ¢ on RA\Z,
w, =B on R-NZL,
w, =—¢( on P,

wlh=w. —B onX\R.,
o(ws, gl )n=o(w:,q-)n— 20(0,p)n on T\R.,

where B(x') =>"._ 125;;3 (x',5)B', x' €S and n=(0,0,1).



Let 7. and p. be defined by

{ F = —ewl —e&f in QF,
Te =

T, =u.—u —ew, —e& inQ,

b= pd =p- —eqi =607 in QF,

€ — _ _ _ _ . _
He =pe—p —eq: —0z inQ7.

We impose

/7q;(x)dX: —é Qiﬁg(x) dx

so that f,,_ pz (x)dx =0.
The proof of Theorem 1 consists in three steps
Step 1 : : Estimate of 7. and .

Proposition. There exists a positive constant C, independent of ¢, such that,
for any v > 0 and ¢ small enough,

3_
17 lpraoys + llpellz@-) < Ce277.

We prove this result by writing the Stokes system verified by (7¢, 1) in the
domain €. (without interface conditions).



Then we note that
Ue —U—ew —e€e = Te — e(We — w)
p-—p —eq — (0 fds):usfs(qsqur%),
where d. = ﬁ fﬂ_ 0_ dx. Therefore to prove Theorem 1 we have to estimate
[lwe — W||(H1(QE))3 and g: — g+ df-

Step 2 : Estimate of w. —w

Proposition. There is a positive constant C, independent of ¢, such that, for
any v > 0 and ¢ small enough,

1
[we = wll gy < Ce277.

Step 3 : Estimate of q- — q

Proposition. There is a positive constant C, independent of ¢, such that, for
any v > 0 and ¢ small enough,

< Ce? 7.
L2(Q-)

d:
9: —q+ —
€




To prove this proposition we consider the decomposition

de
W€7W:V5+VEO+WE, qE*Q+?:fs+fg+Qs-

where :
— the pair (Ve, r.) € (Hper(:))® x L*(R:) is the solution of the system

—VvAVS +Vri =0 inQF,

—vAV. +Vr =0 inQ7,

V-V.=0 in£,

Ve=0 on PUR:.,

oV, i yn=a(VZ,rZ)n+o(w™,q7)n on X\R.,
Jo- r= (x)dx =0;

— the pair (V2,r2) € (H}e:(2:))® x L*(Q:) is the solution of the system

—vAVET VST =0 in QF,

—vAVET 4+ VT =0 in Q7

V-V2=0 inQ.,

VOP=0 on PUR.,

(V2,2 n = o(VE~, > )n — 10(0,p7)n on T\R.,
Joo 27 (x) dx = 0;



— the pair (W:, Q) € (Hper(R:))? x L?(Q:) is the solution of the system

—vAW. +VQ: =0 in Q.,

V-W.=-V-& in Q.
:753 on RE\27

W, =—-¢ on P,

W, =0 onR-NL,

Jo- Q- (x) dx = 0.

We show that
0
[ Vellmriaoye + Ve ll oy < CVe,
1
IWell (o) < Ce2 77,

then, applying Bogovski's theorem and using the previous inequalities we prove

that
‘ 2(Q-)

This completes the proof of Theorem 1. [J

e
qd: — q c

1
< Ce277.




